ABSTRACT Scholars have done extensive research on dynamic analysis and analog circuits implementation of the classical fractional order chaotic system-Liu System (FOLS). However, they did not rigorously prove the existence of FOLS from the perspective of mathematics. And they also did not effectively design digital circuits to generate signals of the fractional order chaotic systems, especially the 2.7-order system. This paper selects an appropriate Poincaré section where a first return Poincaré map of FOLS was defined. Based on computer-assisted verification method, the conclusion is that the Poincaré map is semi-conjugate to a 2-shift map and the topological entropy of the map is no less than ln 2, which rigorously verifies the existence of chaotic behavior in the 2.7-order Liu system. This proof is necessary before the chaotic system is used for information encryption. The next and most significant task is to build a system model through DSP-Builder software and generate chaotic signals using Field Programmable Gate Array chip. The results of oscilloscope consistent with numerical simulations, which lays the foundation for image and video streaming encryption.
I. INTRODUCTION
In recent years, fractional calculus has been a hot topic in various academic disciplines. It has been found that fractional calculus provide a realistic description of some physical natural phenomena [1] , [2] . Fractional calculus has been also successfully applied in the fields of signal processing, economics, mechanical engineering and secure communications [3] - [6] . Fractional-order systems (FOS) can describe the inherent characteristics and physical properties more accurately [7] . Since 1963 Lorenz found the first chaotic attractor in a simple mathematical model of a weather system, in depth researches have been carried out to generate new integer-order chaotic system [8] - [10] . Research on integer-order chaotic systems [11] has also been extended to fractional-order chaotic systems, such as the fractional Chen system [12] , fractional Lorenz system [13] , [14] ,
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fractional Chua circuit [15] , fractional cellular neural networks [16] , etc.
Up to the present day, the dynamic analysis of fractionalorder chaotic systems have been extensively studied. For example, it is shown that the fractional-order Chua circuit with an appropriate cubic nonlinearity and order as low as 2.7 can produce a chaotic attractor [15] . In Ref. [17] , chaotic behaviors of a fractional-order 'jerk' model are studied by simulations. In Ref. [18] , the dynamic behaviors of the fractional order Liu system are studied based on the stability theory of fractional-order systems. What deserves to be noticed is that Caputo definition is used in this paper and the dynamic behaviors of fractional-order systems can be analyzed theoretically. However, it should be pointed out that most of the literature on the analysis of fractional-order chaotic systems is still limited to numerical simulations, such as Lyapunov exponents, phase portraits, etcetera. The rigorous verification of the existence of chaos is still a challenge. The topological horseshoe theory is an analytical method which can verify the existence of chaos from a mathematical point of view [19] , [20] . Furthermore, the topological horseshoe lemma was proposed as a practical and useful computer-assisted proof method [21] . This theory has already been used to prove the existence of chaos in some integer-order systems, including typical 3D systems [22] - [25] and hyperchaos systems [26] - [29] . It is well known that the chaotic characteristics of a FOS may disappear even if its corresponding integer order indicates it is a chaotic system. Therefore, before the FOS is used for communication encryption, the system must be proved to be chaotic. So far, only a few fractional-order chaotic systems have been rigorously proved in theory [30] - [32] . In addition, many scholars have used fractional order Liu system as a research object to perform theoretical analysis and analog circuit implementation, but its strict proof of the existence of chaotic dynamics has not yet been reported. It is necessary to rigorously prove the existence of the 2.7-order Liu system through the topology horseshoe theory.
In the past twenty years, related work mainly uses traditional analog circuits to generate chaotic signals [34] - [36] . However, in doing so, there are many drawbacks, for instance, the signal is affected by the external environment and the circuit cannot set the system's initial values. Therefore, this scheme cannot be used in engineering applications. Fortunately, modern digital signal processing technology, especially DSP and FPGA, provides a more stable and a more flexible way to generate chaotic signals [37] - [40] , which are not easily affected by external factors. At present, studies on FPGA implementation of fractional chaos is rarely shared [41] , and the work available is mostly limited to MATLAB and Simulink simulations. As the superior computing power of FPGA and fast prototyping of different systems based on chaotic dynamics, implementation of chaotic system using FPGA is widely investigating. Pseudo-random number generators based on chaotic system are implemented by FPGA for applications in image cryptography [15] , information hiding [16] , and chaotic secure communication system [17] . However, from a mathematical point of view, only a few FOS have been strictly proved to be chaotic, which will undoubtedly limit their application in engineering fields [42] .
The contribution of this paper is that based on the method of topological horseshoe analysis adopted in many integer-order chaotic systems, it is proved that a topological horseshoe does exist in a 2.7-order Liu system, which verifies its chaotic characteristic. Not only that, we also use a FPGA development platform to generate fractional-order chaotic signals. This work shows that fractional-order chaotic system can be used in engineering fields.
The rest of this paper is organized as follows: In section 2, dynamic behavior of a fractional-order Liu system is analyzed by numerical simulations, such as Lyapunov exponent spectrum, bifurcation diagrams and phase trajectory. In Section 3, the existence of chaos is rigorously confirmed by using a computer-assisted proof method. A conclusion is given in section 4.
A. THE FRACTIONAL-ORDER LIU ATTRACTOR
The fractional order form of Liu chaotic system [33] can be described as equation (1) .
where a, b, c, d, h are constant parameters, and q is the fractional order. There have existed a number of definitions of fractional derivative [43] such as Grunwald-Letnikov definition, Riemann-Liouville definition and Caputo definition. Considering hardware implementation, the best definition of them perhaps is the Riemann-Liouville definition. Because the standard definition of fractional differintegral does not allow the direct implementation of the fractional operators in time-domain simulations. An efficient method of solving this problem is to approximate the fractional operators by using the standard integer-order operators. It facilitates the engineering implementation of fractional calculus systems [44] . Therefore, the definition of fractional derivatives adopted in this paper is Riemann-Liouvile definition , which can be defined as equation (2).
Generally speaking, it is difficult to compute the solution of a fractional ordinary differential equation, therefore system (1) needs to be transformed into the Laplace domain. The frequency-domain approximation method will be used to analyze the fractional-order system, which has also been adopted in some other papers [46] , [47] . Considering the initial value of system (1) is zero, the Laplace transform of the RiemannLiouvile definition is
The Laplace transformation of system (1) is described as equation (4).
where
According to [17] , based on the Potter frequency domain approximation method, the approximation of the transfer functionin 1 \ s q the frequency domain is as follows:
where g = 2.268, k = 216.692, l = 278.297, m = 361.567, n = 778.819, p = 10. Considering
=z, a ninth-order integer differential equation (6) was obtained by substituting equation (5) into equation (4) .
, q = 0.9 and varying a, the Lyapunov exponents diagram and bifurcation diagram of the fractional order Liu system are shown in Fig.1 (a) and Fig.1 (b) The phase portraits of the fractional order Liu system are shown in Fig 3 when parameters a = 10 
In Ref. [44] , chaotic behaviours in the fractional-order Liu system has been studied. Based on the approximation theory of fractional-order operator [17] , circuits are designed to simulate the fractional-order Liu system with q = 0.1−0.9 in a step of 0.1 with errors of about 2dB and 3dB. The simulation results prove that the chaos exists indeed in the fractionalorder Liu system with an order as low as 0.3. As numerical analysis method, the Lyapunov exponents and bifurcation diagram are difficult to avoid the numerical error, which are insufficient to rigorously verify the chaotic properties of the fractional system. Therefore, a topological horseshoe method was adopted to verify the chaotic dynamics from a mathematical viewpoint in section 3.
II. TOPOLOGICAL HORSESHOE ANALYSIS AND VERIFICATION
Until now, topological horseshoe theory has been evolved into multiple theorems, such as Smale horseshoe theorem, Kennedy horseshoe theorem and Zgliczynski horseshoe theorem [48] - [51] . As a practical computer assisted proof method, the topological horseshoe lemma was proposed by Yang and Li et al, The following is a brief review of the knowledge related to the topology horseshoe analysis. [28] , [30] , [31] , [33] : The space X is (i) compact; (ii) totally disconnected; (iii) perfect.
A set having the three properties in the above proposition is often defined as a Cantor set, such a Cantor set frequently appears in characterization of complex structure of invariant set in a chaotic dynamical system [11] , [25] , [30] .
According to reference [30] m-shift map can be defined as σ (s i ) = s i+1 , which is referred to as the m−shift map, and thus there is the following facts.
Theorem 2 [28] , [30] - [34] : (a) σ (X ) = X , and σ is continuous; (b) The shift map σ as a dynamical system defined on X has: (i) a countable infinity of periodic orbits consisting of orbits of all periods; (ii) an uncountable infinity of nonperiodic orbits; (iii) a dense orbit.
Thus the dynamics generated by the shift map σ display sensitive dependence on initial conditions on a closed invariant set, and therefore are chaotic. (See [34] for proofs of the above theorems.)
Let X be a separable metric space, Q be a compact subset of X, and let f: Q → X be a map with the property that there exist m mutually disjoint compact subsets Q 1 , Q 2 , . . . , Q m of Q, such that f | Q i is continuous for each i = 1, 2, . . . , m.
Definition 1 [21] , [22] : Let be a compact subset of Q, 1, 2 , . . . , m) is nonempty and compact, then is called a connection with respect to Q 1 , Q 2 , . . . , Q m F is said to be an f-connected family if F is a family of connections with respect to Q 1 , Q 2 , . . . , Q m satisfying the following property:
Theorem 3 [19] , [20] : If there exists an f-connected family with respect to Q 1 , Q 2 , . . . , Q m . Then there exists a compact invariant set k ⊂ Q, such that f|K is semi-conjugate to m-shift.
Theorem 4 [24] : For two dynamical systems (X , f )and(Y , g). If (X , f ) is semi-conjugate to (Y , g), then the topological entropy of f is not less than that of g.
The topological entropy is a nonnegative real number. Generally speaking, the system is chaotic if its topological entropy is not zero. Furthermore, if g is an m-shift map, then ent(f ) ≥ ent(g) = logm, that is, f is chaotic when m>1. Actually, those theorems cannot be applied in a continuous system directly. To facilitate the use of theorems, it is necessary to establish Poincaré sections and Poincaré map for continuous systems. Thus, an appropriate Poincaré section should be selected in following subsection.
B. HORSESHOE IN THE FRACTIONAL-ORDER LIU SYSTEM
In order to find the horseshoe of the fractional-order Liu system and prove that the fractional-order system is chaotic based on the above topological horseshoe analysis method, we use the MATLAB GUI program called ''A Horsetool for finding horseshoes in 2D map'' posted in Ref. [52] , and the followings should be done, (i) select a cross section X on the plane which should intersect with the orbit of the system in one direction. (ii) find set R in the cross section X and define the corresponding first return Poincaré map ω: R→ x∈ R, such that the image P(x) intersects with set R. The scope of the set R can be determined by a lot of attempts. (iii) seek two mutually disjoint compact subsets of R, such that a f -connection family with respect to the two subsets of R for map ω exists. This also needs many computer simulations. (iv) show the first return Poincaré ω of system is semiconjugate to a 2-shift map. The role of the toolbox is to help calculate the two-dimensional mapping, which greatly reduces the amount of computation for finding the topological horseshoe process.
The poincaré cross-section (7) is considered
In this paper, the corresponding cross-section X = |MNPQ| firstly was choosed on the plane (7), which is show in 
C. COMPUTER-ASSISTED PROOF
After a large number of computer assist calculations based on the map ω, the following results can be observed. Under the map ω, the image ω(R) of the subset R = |ABCD| is a very thin hook-like strip, which is wholly situated across R, as shown in Fig 6. A , B , C , D are the images of A, B , C, D. The edges A D and B C cross the edges AB and CD respectively, and fold back.
As shown in Fig 7, GH mapped to line G H . It can be seen clearly by observing the simulation diagram that J K is above the edge CD and G H is below the edge AB. Therefore, we can make the conclusion that the image |J K G H | lies wholly across the set |ABCD|;
As shown in Fig 8, the image |E F C D | of subset |EFCD| is wholly across R, with line CD mapped to line C D and line EF mapped to line E F . It can be seen clearly by observing the simulation diagram that C D is above the edge CD and E F is below the edge AB. Therefore, we can make the conclusion that the image |E F C D | lies wholly across the set |ABCD|;
According to the analysis above, for each connection lying in set |ABCD| and connecting AB and CD with respect to subset |JKGH | and subset |EFCD|, the following condition is satisfied: ∈ F ⇒ ω( i ) ∈ F, i = 1, 2, where 1 = ∩ |JKGH | and 2 = ∩ |EFCD| and thus F is called a connected family with respect to |JKGH | and |EFCD|. According to the Definition 1, so there exists a connection family with respect to |JKGH | and |EFCD| for the map ω. According to theorem 1 and 3, the map ω is semi-conjugate to the 2-shift map and according to theorem 2 and 4 further come to the conclusion that entropy of system (1) satisfy ent(ω) ≥ log2 > 0. Thus, all these facts prove that the fractional-order Liu system has positive entropy and it chaos characteristics are strictly proved.
III. FPGA IMPLEMENTATION
In this section, for the convenience of engineering applications in fields of secure communication, such as information encryption, a digital chaotic circuit was designed and implemented using an FPGA chip.
First, the continuous system (1) was discretized using the Euler method. The discretized chaotic system can be shown as equation (8) . Finally, to facilitate observe the chaotic signal on an analog oscilloscope, an AD9764 digital-analog conversion chip of 14-bits was used to convert the digital signals into analog signals in the experiment. The clock frequency of the AD9764 and the FPGA chip was synchronized on 50 MHz. Fig. 9 shows all experimental facility required for chaotic signal generation. In order to match the width of AD9764, the original 25-bits output of chaotic signals is limited to 14-bits. Fig 11 is a structural model of one of the subsystems.
The experiment result showed that the chaotic attractors generated by FPGA were exactly consistent with the numerical simulations in each phase plane(see Fig.12 ), which verified the effectiveness of the FPGA implementation method. Due to the advantages of high flexibility, easy programming, the FPGA implementation method of chaotic circuit can also be applied to other fractional order chaotic systems.
In the above work, we have implemented the chaotic system by using FPGA, which means that the pseudorandom sequences based on the fractional-order Liu-system can be obtained successfully. The next step is to use the generated pseudo-random sequence for information encryption, such as image encryption. In order to verify that the fractional-order Liu system has rich dynamics and can be used for image encryption, some analysis methods can be used, for example, power spectra, the computation of the correlation dimension or Kolmogorov-Sinai entropies [53] , etc. In recent years, some advanced image encryption algorithms [54] , [55] have been proposed and these algorithms have undergone rigorous theoretical analysis and simulation tests. The above encryption algorithm is applied to act on the pseudo-random sequence and the pixel values of the color picture to achieve image encryption. The implementation of cryptographic algorithms requires high performance and efficiency, especially in power constrained, real-time applications and portable devices. Therefore, FPGA has broad application prospects in the field of encryption. VOLUME 7, 2019 
IV. CONCLUSION
In this paper, numerical simulations are used to study the dynamic behavior of fractional-order Liu system. Then, its chaotic properties are verified using a combination of topological horseshoe theory and numerical calculations. In this method, a suitable Poincaré section is first selected, and a first-return map to this section is constructed. Subsequently a one-dimensional tensile topological horseshoe is discovered, which indicates that the fractional-order attractor has positive topological entropy, which obviously prove the 2.7 order Liu system has chaotic dynamics. Finally, by using a FPGA, a digital circuit is designed to realize the fractional-order Liu system, and its chaotic properties are empirically verified, which can provide further technical support for the application of the fractional chaotic system in engineering applications.
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